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Critical parameters for the heliumlike atoms: A phenomenological
renormalization study
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A mapping between the quantum few-body problem and its classical mechanics pseudo-system
analog is used to study the critical parameters for the helium isoelectronic sequence. The critical
point is the critical value of the nuclear chargg for which the energy of a bound state becomes
degenerate with a threshold. A finite-size scaling ansatz in the form of a phenomenological
renormalization equation is used to obtain very accurate results for the critical point of the
ground-state energy\.=1/Z.=1.0976-0.0004, as well as for the excitedp2°3P state,
A.=1.0058:0.0017. The results for the critical exponentsand v are also included. €1998
American Institute of Physic§S0021-9608)01407-X]

I. INTRODUCTION

A= (Dpi, 3
Symmetry breaking and phase changes of a quantum YnlM) jzo vn &

system can take place as some parameters in its Hamiltoni%to showefl that these series have a nonzero radius of con-

are varied. For such transitions, crossing the pha_se bounda%rgence. This radius is determined by the distance from the
means that the quantum ground-state changes in some fUBFigin to the nearest singularity in the complex plax.

damental way.In atomic and molecular physics, it has been-l-he study of the radius of convergenag,, and whether or
suggested that there are possible analogies between critiq%t this is the same as the critical value Jaf has a long

phe;omen? gnﬁ S|r;gular|tlesb?f Lh%?ne?rn;ﬁ] - history with controversial resulfs'? Recently, Morgan and
q gcerty Itl asl een esté\mlsh el or di eC”F’” aﬁ _ co-workerg?® have performed a 401-order perturbation calcu-
and simple molecular syste the large dimensional limit |5, 16 resolve this controversy over the radius of conver-

a new mapping between symmetry breaking of electroni¢once of the\ = 1/7 expansion for the ground-state energy.
structure configurations and mean-field theory of phase tranThey found numerically thak,=\* ~1.097 66 which con-
c .

sitions. This analogy |s_shown by al_lowmg the n.UCIGarfirm Reinhardt’s analysis of this problem using the theory of
charge for atoms and the inverse of the internuclear d'Stancecﬁlatation analyticitylz lvano* has applied a Neville—

for molecules to play a role analogous to temperature in Stanichardson analysis of the data given by Morgan and co-

tistical mechanics. ) . workers and obtained.=1.097 660 79.
In this paper, we plan to study the analytical properties Recently, in analogy with statistical mechanics, we pre-

of the eigenvalues of the Hamiltonian for two-electron atoMS o e phenomenological renormalizatiéRR) equations

as a function of the nuclear. cha'\rge..Th|s S){stem, in thEbased on finite-size scalinS9 theory for the calculations
infinite-mass nucleus approximation, is the simplest few-o]c the critical points of the few-body quantum

body p“’b'e”? which does not admit an exact solgtion_, blmamiltonian?5 Results show that the method gives very ac-
has well studied ground-state properties. The Hamiltonian N rate results for the critical screening length for one-

the scaled variablésas the form electron screened Coulomb potentials and the critical nuclear
charge of the ground state for the two-electron atdmns.

TN — } 2 } 2 i_ i L In this paper, we will use the FSS approach to estimate
TN)==5Vi-5 V3 IS pag > FSS
2 2 r{ ro, rqo the critical points as well as their critical exponents for the
= Hgt N7, 1) ground state and the triplepp2 3P state. In the next section

we discuss the FSS method in general and its use for the
quantum Hamiltonian. Section Il goes into detail on the ba-

sis sets for the variational calculations. In Sec. IV we discuss
. o " ~" the use of PR equation for estimating the critical parameters
the nuclear charg&. For this Hamiltonian, a critical point for the ground state, and in Sec. V present detailed calcula-

means the value of the parametag, for which a pound tions for excited states. Finally, we give the conclusions and
state energy becomes absorbed or degenerate with the Cop%ject further research to extend the method to the

where. 77 is the unperturbed hydrogenic Hamiltonia#t; is
the Coulomb interelectronic repulsion ands the inverse of

tinuum. , , , ... N-electron atom and simple molecular systems.
An eigenvalue and an eigenvector of this Hamiltonian,
Eq. (1), can be expressed as a power seriek in Il. FINITE-SIZE SCALING AND PHENOMENOLOGICAL

RENORMALIZATION

_ N The general idea of the FSS in classical statistical
En()\)_ E En )\ 1 (2) . —19 - . .
j=0 mechanic¥® % is to extract information about adf1)-
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dimensional lattice model in the neighborhood of the critical dd o
point by systematic numerical studies of the same gya KO =K@(N)~ [N =N, 11
d-dimensional model. This method gives a well defined pro-
cedure to extrapolate information obtained from a finite sysand therefore
tem to the thermodynamic limit. In our studies of the quan- Kﬁ)()\c)wN(erq)/V; N0 (12)
tum Hamiltonian, the finite size corresponds not to the N _ _ o
spatial dimension but to the number of elements in a trunSinceK™(A) is an analytical function in, it has a Taylor
cated basis set used to expand the exact eigenfunction ate¥pansion arounti.. Using Eq.(12) we find thatky(\) can
given order'® be expressed as

The fact that a.non—negative_ matrix could be interpreted Ky ~NP7h (NYIN—=Ny]), N, (13)
as a transfer matrix of a classicpbeudo-systemwas re- ) _ _ o 16
cently used to study the ground-state properties of avheregy isa scaling function which is regular aroukd.
d-dimensional quantum system, using the quantum Hamil- ~ Since the FSS ansatz, EG.3), should be valid for any
(d+1)-dimensional statistical systeld” In the present We can apply it to the correlation lengthitself. Thus the
study, theNth-order variational calculations, the two lowest correlation length in a finite system should have the form
energy levelsE() and E{") with orbital momentum/'=0 ENN)~NG(N™IN=N\[), N—eo. (14)
are negative. If we take these levels, with opposite sign, as L ) ) )
the eigenvalues of a transfer matrix for a classical pseudo! e s_peC|aI0 significance of this result was first realized by
system, then we can define the correlation length of this fi-'\“ght'ng"’,‘lé who showed how it could be reinterpreted as a
nite pseudo-system as renormalization group transformation of the infinite system.

The phenomenological renormalizatiPR) equation for fi-

E) = — 1 (4) Nite systems of sizell andN' is given by
T g ETOVETO) NOIRNY
As \. is approached, in the limil—o, the character- N N (15

istic length ¢ grows without limit. Taking the order of the ] ) (NN g
approximationN as the size of the pseudo-system, we havetnd has a fixed point art™ L Itis expected that the suc-
in virtue of the FSS ansatz that in the neighborhood of thecession of pointd AN} in the limit of infinite sizes to

critical point the behavior of the finite pseudo-system is de-converge to the trug.. Using the definition of the correla-

termined by the scaled variable tion length, Eq.(4), then Eq.(15) at the fixed point can be
written as
— l 5) ’
AiNE ( EPONN)| N BN | 16
where ¢ is the correlation length of the infinite system.yif EQV(ANNYD) ENINNNDY )

~1, the fluctuations are of the same order as of the size of . L .
the pseudo-system and critical effects are expected to Occdp_general the best choice fo¥ andN' is the value which

F N7 21 H r— N —
For y>1 we expect bulklike behavior while foy<1 the mln_lmlzesN N',“thatisN'=N—1 except;"z’gg‘?” there are
finite-size effects are manifested. parity effects, then one has to také =N—2.“"As far as

If a thermodynamical quantiti( develops a singularity N and N_ are finite, the met_hod 'S an apprOX|ma_t|on Wh'.Ch
. . can be improved by choosiny as large as possible. This
as a function ol in the form o
method has the advantage that it is not necessary to know the

K\ = lim Ky ~[A=X[ 77, (6)  threshold energy nor does it need the convergence of the
N—o series Eqgs(2) and(3).
and in particular for the correlation length There is no unique way to define the sequefic®}, if
, . for example, the threshold ener@y is known, there is an-
§()\)='\Illmw S~ =T () other alternative to obtain the sequerfed™}. This is can
- be done by using the following equation:

the FSS ansatz assumes that (N)/+ (N
EQVONN)=E;. 17

KNV ~K (M) fr(y), (8) . . .

This approach is analogous to the first-order mette@M)
wherefy(y) is an analytical function. For a finitdl, Ky is  \hich has been used to study two-dimensional classical sys-
also analytical, so the behavior 6f(y) must be tems which display a first-order phase transitior at1.2?

f(y) ~ y*'". 9
y=0 Ill. BASIS SETS

It follows that ath. The Hamiltonian(1) commutes with the total angular

Kn(Ae)~NP” N—oo, (100 momentum operators=.%,+.%,. Using a completex-
If K@()) is theqth derivative ofk(\), K@(\) is also ndependent basis-sgly } with the property
singular at\ . LDy =+ D) Dy, (18
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whereK represents all the quantum numbers Butwe can  TABLE I. Comparison o, for the ground-state energy of the two-electron
study the spectrum of#(\) at each block of fixed”. This  &©°ms.
will allow us to study excited states of the lowest symmetry

Method ¢
of each block.

To carry out the FSS procedure one has to choose a ':PORM 11-%277;68%-852 02
convenient basis set to obtain the two lowest eigenvalues and Fig. 6 110978 0.0007
gigenvectors of the finite Hamiltonian matrix. As ba_sis func? Ref. 1.097 660 79
tions for the FSS procedure we choose the following basis
set functiong4-26 *From Ref. 14.

1 o
D (X1, X0) = 5 (rirbe” Mt a2 4 plrlem (ot ara)) IV. NUMERICAL RESULTS FOR THE GROUND STATE

K By diagonalizing the finite Hamiltonian matrix one can
XT1F /(612,40), (19 obtain the lowest two energy eigenvalues as a function of the
wherey and § are fixed parameters;, is the interelectronic ~order of the truncated basis sef") ande™ . Using the PR
distance andF (6,,,Q) is a suitable function of the angle €quation, Eq(16), one can look for its fixed point by taking
between the positions of the two electrofs and the Euler  the ratio of these two eigenvalues raised to a poWeas a
anglesQ=(0,®,¥). This functionF , is different for each  function of \. Figure 1 shows the crossing points, which are
orbital-block of the Hamiltonian. For the ground state the fixed points of Eq(16), for N=6,7,8,...,13. The values of
Fo(012,Q2)=1 and F(65,,Q)=sin(d;)cos@) for the the fixed points as a function &f can be extrapolated to the
2p2 3P state. These basis sets are complete for eaclimit N— by using the Bulirsch and Stoer algoritfirh,
/-subspacé®? The complete wave function is then a linear Which is widely used for FSS extrapolatichThe extrapo-
combination of these terms multiplied by variational coeffi- lated values ok using the PR equation and FOM, E47),
cients determined by matrix diagonalization. are given in Table I. The results are in excellent agreement
For the ground state the trial function must be symmetridvith the best estimate of. .
under exchange of electrons. The trial function for the ex-  The behavior of the ground-state energsy", as a
cited P-state is antisymmetric, because under the transformdunction of A for different values ofN is shown in Fig. 2.
tion 1=2 the angle® transforms to® —7—© so thatF;  When the value o approaches the limifN—c, the true
——Fy. ground-state energy bends over sharplyzatto becomes
In the truncated basis set at ordér all terms are in- degenerate with the lowest continuumBj= — 3. This be-
cluded such thaN=i+j+k, so the number of trial func- havior can be seen in the finite order approximation, where
tions M(N) is the larger the value oN the more the energy curve bends
toward a constant energy. In virtue of this behavior, we ex-
M(N)= 5N+ 3N*+ BN +ay, (20 pect that the first derivative of the energy with respect to
whereay is 1 (3) if N is even(odd). develop a steplike discontinuity at . The first derivative is
The asymptotic behaviaflarge N) of the system is in- shown in Fig. 3 folN=6,7,8,...,13. As expected, the second
dependent of the parameters of the trial functions. We adjugerivative will develop a delta functionlike behavior ldsis
the values of the parameters in order to get a faster conve@etting larger, as shown in Fig. 4.

gence of the PR equation E(L6). We found numerically The behavior of the ground-state energy and its first and
that y=2 ands=0.15 is a good choice for the ground state Second derivatives resemble the behavior of the free energy
while y=0.5 and5=0.05 is better for the triplet state. at a first-order phase transition. For the two-electron atoms,

when\ <. the nuclear charge is large enough to bind two
electrons, and this situation remains until the system reaches

1.00
0.98
-0.496
= 096
< @ —
= < -0.498
~ =~
g - €0
N 094
~0.500
0.92
) 1 s f L
1.090 1.095 1.100 ~0.502
A 1.
FIG. 1. The ratio between the ground-state energy and the second lowest
eigenvalue raised to a powbr as a function o for N=6,7,...,13. FIG. 2. Variational ground-state energy as a function éér N=6,7,...,13.
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FIG. 3. First derivative of the ground-state energy as a function &dr FIG. 5. Conditional probabilit?, (ao|r) in the twelfth-order approximation
N=6,7,...,13. (N=12) for A\=1.105>A?=1.104 905\ =% and\ =1.1045<\ 2. The

three curves are normalized such that the first maxima is one.

a critical point\;, which is the maximum value of for
which the Hamiltonian has a bound state or the minimumyyo |ocal maxima. For)\=1.1045<)\f:12)= 1.104 905, the

charge necessary to bind two electrons. kor\ . one of the leading maxima is located at a distance aboag fom the

electrons jumps to infinity with zero kinetic energy. origin and this position is independent of the order The
other local maxima is located at a distance proportion® to
V. CONDITIONAL PROBABILITY but smaller than the first one. In this region, the nuclear

Berry and co-workef introduced the conditional prob- c_hgrge is still large enough to bind t_he two electrons. In the
ability as an aid in visualizing the attractive and repulsiveliMit A—X¢ the second local maxima rlezaches the same
forces which influence the dynamics of the electrons in thd'eight of the first one. F9’7‘Zl-_105>\(c ) the second
heliumlike atoms. This function represents the probabilityMaxima at large distance is getting larger and the second
distribution seen by one electron given that the other electrofl€ctron is far away from the fixed one. In this region the
is fixed at a certain distance. In this section we will use theuclear charge cannot bind the two electrons, so one electron

same tool in order to examine the behavior of the systen\{"i” move to infinity and become a free electron. The fact
below and above the critical point. that the nuclear charge fdi~ is below the critical point

We define the unnormalized conditional probability to XPlains why this a stable ion. The position of the second
find one electron at a distancewhen the other is fixed at a l0cal maxima scales linearly withl such that in the limit

distancea, by N—co it will be located at infinity. This is indeed a finite-
size effect of the variational approximation because the

Px(ao|f):f dQ,dQ,r 2 (N %0, X)|2, 1) asymptotic behavior of _the one-elect_ron radla_l densityNfor
<M., has an exponential decay. This behavior resembles a

wheredQ; anddQ, the solid angular differentials), is the first-order phase transition in which the system jumps from a
ground-state wave function, ang and x are the position State where the two electrons are bound to one with a hydro-

vectors with modulus, andr, respectively. genlike atom plus a free electron. .
The plot of P, (ap=1]r) in the twelfth-order variational In Fig. 6 we plot the position of second maxima of the

approximationN= 12, is shown in Fig. 5. This function has conditional probability, X33, as a function of\ for N
=4,5,6,...,11. The steplike discontinuity tells us about the

jump of the most probable position of one electron when the

200 - ' ' ' ] other is fixed aay=1. The position of this steplike discon-
N=13 tinuity can be used as another possible definition of the
pseudo-critical successida (N}, The extrapolated value of
300 this sequence, using the Bulirsh and Stoer algorithris,
N‘-é given in Table I. This value is in complete agreement with
% 200 the previous results of PR and FOM methods.
*
100 VI. CRITICAL EXPONENTS
The convergence law of the results of the PR method is
0 related to the corrections to the finite size scaling. From Eq.
110 L11 112 (10) we expect that at the critical value of nuclear charge the
A correlation length is linear iN. In Fig. 7 we plot the corre-
FIG. 4. Second derivative of the ground-state energy as a functiarfof  lation length of the finite pseudo-systefavaluated at the
N=6,7,...,13. exact critical point\;) as a function of the ordeN. The
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FIG. 6. Position of the highest maxima of the conditional probability FIG. 8. Variational energy of the triplet (# °P) as a function ofx for

P,(ap|r) as a function of for N=4,5,...,11.

linear behavior shows that the asymptotic Ety) holds for
very low values ofN.

The classical critical exponent which describes the
asymptotic behavior of at A, can be obtained from Egs.
(12) and (15) for two different values oN andN'’

(dﬂ dén:
91 ax

d)\ ))\)\(N,N’)
v log N—log N’

lo

- (22)
Using this equation, Eq22), we can estimate the criti-

cal exponent. The extrapolated value is=1.00+0.02 and

the correlation length diverges ds-|A —\ | ~".
Hoffmann-Ostenhof's and Simdh have proved that

N=6,7,...,12. The dashed curves correspond to even valulsvdiile the
solid lines to odd values df.

P log[ K /Knr Iy =xvnn

v logN—log N’

(24)

Recently we presented a direct FSS approach to the
gquantum Hamiltonian where this equation can be obtained
without the need to use any explicit analogy to classical sta-
tistical mechanics® Now, we can estimate the critical expo-
nent for the energyg, by taking K(\) in Eq. (24) to be
(ENM—EM). We obtain the extrapolated value af=1.04
+0.07, in agreement with the observation of Hoffmann-
Ostenhof and Simo#t:

VIl. EXCITED STATES

H(\;) has a square-integrable eigenfunction corresponding

to a threshold energ¥(\.)=—3 and noted that the exis-
tence of a bound state at the critical coupling constant
implies that forn<\., E(\) approache€(\;)=—3 lin-
early in \ —\.) asA—\, . Morgan and co-worket3 con-
firmed this observation by their 4/perturbation calcula-
tions. They show thaE(\) approache&(\.)=—13 as

E(N)=E(Ao)+0.235\—\,). (23

Using the relation Eq(10) from the FSS approach one
can obtain the ratio of the critical exponemis?®

400 T T T T
300 / 1

- /
< 200 | / -
uF / .
100 o/ ]

0 1 1
0 5 10 15

N

Having presented our results for the critical behavior of
the ground-state energy of the helium isoelectronic sequence,
we may now consider other excited states. The ground state
is symmetric under electronic exchange and has a natural
parity, which means its parity’= 7, 7,=(— 1) (—1) 2is
equal to 1)7,3% where/; is the angular momentum num-
ber of theith particle and/,—7,|</</1+/,. Allthe S
states have this parity becausg=/,=/=0. States with
7=(—1)"** will be called states of unnatural parity. The
triplet 2p? 3P has an unnatural parity.

For the H ion, Hill® proved that there is only one
bound state with natural parity. This result along with Kato’s
proof* that the Helium atom has an infinite number of bound
states seems to suggest that the critical point for the excited
natural states ia =1.

For the unnatural states of the hbn, we know from the
work of Grosse and Pitnéf,that there is just one unnatural
bound state @?3P for A=1. An upper bound of
—0.125 35 a.u. was estimated for this state by Midtdahd
Drake®™ which is below the threshold ener@f = — 3.

We performed a variational study of this level using the
basis set defined in Eq19). As for the ground state, we
obtained the lowest two eigenvalues which correspond to the
block /=1. The energy for the triplet @ 3P state as a
function of\ is shown in Fig. 8. The behavior is very similar
to the one found for the ground state. The curves start to

FIG. 7. Correlation length for the finite pseudo-system evaluated at thd€Nd over sharply to a constant values\agets larger. The

critical point\. as a function olN.

true excited-state energy, in the limit—oo, bends over
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which can be seen by examining the first and second deriva-
- tive of the energy. The first derivative develops a steplike
discontinuity where the second derivative develops a delta
functionlike behavior at the critical pointiv) The method
_ can be generalized to treat tNeelectron atoms if provided a
convenient complete basis set. The lack of complete basis
sets and the complexity of large atoms invites developing
new approximations within the finite-size scaling approach.
And finally, (v) FSS can be used to estimate the values of
. several critical parameters. This is a very useful procedure
when one has to extend this method to much more complex
Qoor 1005 1006 L007 1008 systems such as molecular systems.

A
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